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SURFACES OF GLOBALLY F-REGULAR AND F-SPLIT TYPE
YOSHINORI GONGYO AND SHUNSUKE TAKAGI
Dedicated to Professor Robert Lazarsfeld on the occasion of his sixtieth birthday.
Abstract. Weprove that normal projective surfaces of dense glob-
ally F-split type (resp. globally F-regular type) are of Calabi–Yau
type (resp. Fano type).
1. Introduction
The notion of globally F-split varieties was introduced by Mehta
andRamanathan [MeR] in the 1980s to study cohomologyof Schubert
varieties. Later, globally F-regular varieties, a special class of globally
F-split varieties, were introduced by K. Smith [Sm] who drew inspi-
ration from the tight closure theory. Global F-splitting and global
F-regularity both are global properties of a projective variety over
a field of positive characteristic as the name suggests, and they im-
pose strong conditions on the structure of the variety. For example,
Kodaira-type vanishing theorems, which generally do not hold in
positive characteristic, hold on such a variety. Those notions have
many applications to representation theory and birational geometry
in positive characteristic.
Using reduction to positive characteristic, global F-splitting and
global F-regularity make sense in characteristic zero as well: let X
be a normal projective variety over an algebraically closed field of
characteristic zero. X is said to be of globally F-regular type (resp.
dense globally F-split type) if its modulo p reduction is globally F-
regular for almost all p (resp. infinitely many p). In this paper, we
consider a geometric interpretation of these properties, especially
focusing on the surface case.
We say thatX is of Fano type (resp. Calabi–Yau type) if there exists
an effective Q-divisor ∆ on X such that −(KX + ∆) is ample (resp. Q-
linearly trivial) and (X,∆) is klt (resp. log canonical). Schwede and
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Smith then asked in [SS, Question 7.1] whether varieties of globally
F-regular type (resp. dense globally F-split type) are of Fano type
(resp. Calabi–Yau type) or not. We studied this question in an earlier
paper [GOST] by the same authors together with Okawa and Sannai,
and gave an affirmative answer when X is a Mori dream space.
However, being a Mori dream space is a very strong condition that
is not generally satisfied for varieties of dense globally F-split type.
It is, therefore, natural to ask whether the result still holds without
the assumption of being a Mori dream space.
Curves of globally F-regular type are nothing but rational curves.
Smooth curves of globally F-split type are elliptic curves besides
rational curves. Thus, the first nontrivial case is when X is a surface,
and we settle this case. The following is our main result.
Theorem 1.1 (=Theorems 5.1 and 5.3). Let S be a normal projective
surface over an algebraically closed field of characteristic zero. If S is of
dense globally F-split type (resp. globally F-regular type), then it is of
Calabi–Yau type (resp. Fano type).
One of the key ingredients in the proof is to show that taking the
Zariski decomposition of the anti-canonical divisor of a surface of
dense globally F-split type commutes with reduction modulo p. The
globally F-regular case of Theorem 1.1 immediately follows from this
fact.
The proof of the globally F-split case is muchmore involved. First,
by taking the minimal resolution, we may assume that S is smooth.
If S is not rational, then the problem can be reduced to whether the
projective bundle of a rank 2 vector bundle of degree zero over an
elliptic curve is globally F-split. This question was already answered
by Mehta and Srinivas [MS], so we suppose that S is rational. Using
theZariski decomposition of−KS and a result of Laface andTesta [LT]
on rational surfaces, we can reduce to the case where −KS is nef and
there exists an effective divisor D linearly equivalent to −KS. We can
assume in addition that the modulo p reduction Sp of S is a minimal
elliptic surface and the reductionDp ofD is an indecomposable curve
of canonical type. We then make use of the classification of singular
fibers (Kodaira’s table) to see that if Dp is not of type In, then (Sp,Dp)
has to be globally F-split1 for infinitely many p. Finally, since a fiber
of type In is a normal crossing divisor and global F-splitting implies
1The notions of global F-splitting and global F-regularity can be extended to a
pair of a normal projective variety and a divisor. See Definition 2.5 for the details.
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log canonicity (see [HW, Theorem 3.9]), we conclude that (S,D) is log
canonical, that is, S is of Calabi-Yau type.
We remark that the globally F-regular case of Theorem 1.1 was
first proved by Okawa [Ok] using the deformation theory in mixed
characteristic, but our proof is more geometric. Also, during the
preparation of this manuscript, Hwang and Park [HP] announced
that they proved the globally F-regular case with a different method.
Their method relies on Sakai’s results [Sa1], [Sa2] and [Sa3]. Some
(not all) results in Section 5 may follow from his results, but our
argument is substantially different from his argument.
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Laface and Vasudevan Srinivas for answering their questions. They
also thank Osamu Fujino, Atsushi Ito and Ching-Jui Lai for careful
reading of this manuscript and for helpful comments. They are
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We will freely use the standard notations in [KM].
2. Preliminaries
2.1. Varieties of Fano type and of Calabi–Yau type. In this paper,
we use the following terminology.
Definition 2.1 (cf. [KM, Definition 2.34], [SS, Remark 4.2]). Let X be
a normal variety over a field k of arbitrary characteristic and ∆ be an
effectiveQ-divisor on X such that KX +∆ is Q-Cartier. Let π : X˜ → X
be a birational morphism from a normal variety X˜. Then we can
write
KX˜ = π
∗(KX + ∆) +
∑
E
a(E,X,∆)E,
where E runs through all the distinct prime divisors on X˜ and the
a(E,X,∆) are rational numbers. We say that the pair (X,∆) is log
canonical (resp. klt) if a(E,X,∆) ≥ −1 (resp. a(E,X,∆) > −1) for every
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prime divisor E over X. If ∆ = 0, we simply say that X has only log
canonical singularities (resp. log terminal singularities).
Definition 2.2 (cf. [PS, Lemma-Definition 2.6]). Let X be a projective
normal variety over a field and ∆ be an effectiveQ-divisor on X such
that KX + ∆ is Q-Cartier.
(i) We say that (X,∆) is log Fano if −(KX + ∆) is ample and (X,∆)
is klt. We say that X is of Fano type if there exists an effective
Q-divisor ∆ on X such that (X,∆) is log Fano.
(ii) We say that (X,∆) is log Calabi-Yau if KX + ∆ ∼Q 0 and (X,∆) is
log canonical. We say that X is of Calabi–Yau type if there exists
an effective Q-divisor ∆ on X such that (X,∆) is log Calabi-Yau.
Remark 2.3. LetX be a projective variety over an algebraically closed
field of characteristic zero. If there exists an effective Q-divisor ∆ on
X such that (X,∆) is klt (resp. log canonical) and −(KX + ∆) is nef
and big (resp. semi-ample), then X is of Fano type (resp. Calabi-Yau
type). The reader is referred to [PS, Lemma-Definition 2.6] for more
details.
Lemma 2.4 (cf. [GOST]). Let f : X → Y be a birational morphism of
normal projective varieties over an algebraically closed field. If X is of Fano
type (resp. Calabi–Yau type), then so is Y.
Proof. The Fano type case is a special case of [GOST, Theorem 5.5],
so we only prove the Calabi–Yau type case.
Suppose that X is of Calabi–Yau type, that is, there exists an ef-
fective Q-divisor ∆X on X such that KX + ∆X ∼Q 0 and (X,∆X) is log
canonical. Letting ∆Y := f∗∆X, one has KY + ∆Y = f∗(KX + ∆X) ∼Q 0.
Then (KX + ∆X) − f
∗(KY + ∆Y) is an f -exceptional divisor which is
Q-linearly trivial relative to f . Hence, KX + ∆X = f
∗(KY + ∆Y). Since
(X,∆X) is log canonical, (Y,∆Y) is also log canonical, which implies
that (Y,∆Y) is log Calabi-Yau. 
2.2. Globally F-regular and F-split varieties. In this subsection, we
review the definitions and basic properties of global F-regularity and
global F-splitting.
A field k of prime characteristic p is called F-finite if [k : kp] < ∞.
Definition 2.5 ([SS, Definition 3.1]). Let X be a normal projective
variety defined over an F-finite field of characteristic p > 0 and ∆ be
an effective Q-divisor on X.
(i) We say that (X,∆) is globally sharply F-split if there exists e ∈ N
for which the composition map
OX → F
e
∗OX →֒ F
e
∗OX(⌈(p
e − 1)∆⌉)
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of the e-times iterated Frobenius map OX → F
e
∗OX with a natu-
ral inclusion Fe∗OX →֒ F
e
∗OX(⌈(p
e − 1)∆⌉) splits as an OX-module
homomorphism.
(ii) We say that (X,∆) is globally F-regular if for every effective divisor
D on X, there exists e ∈N such that the composition map
OX → F
e
∗OX →֒ F
e
∗OX(⌈(p
e − 1)∆⌉ +D)
of the e-times iterated Frobenius mapOX → F
e
∗OX with a natural
inclusion Fe∗OX →֒ F
e
∗OX(⌈(p
e − 1)∆⌉ +D) splits as an OX-module
homomorphism.
When ∆ = 0, we simply say that X is globally F-split (resp. globally
F-regular).
Lemma 2.6. Let X be a normal projective variety over an F-finite field of
characteristic p > 0.
(1) ([GOST, Lemma 2.14]) Let f : Xd Y be a small birational map or an
algebraic fiber space to a normal projective variety Y. If X is globally
F-regular (resp. globally F-split), then so is Y.
(2) ([SS, Theorem 4.3]) If X is globally F-regular (resp. globally F-split),
then there exists an effective Q-divisor ∆ on X such that (X,∆) is
globally F-regular (resp. globally F-split) with −(KX + ∆) ample (resp.
Q-trivial).
Now we briefly explain how to reduce things from characteristic
zero to characteristic p > 0. The reader is referred to [HH, Chapter 2]
and [MS, Section 3.2] for further details.
Let X be a normal variety over a field k of characteristic zero and
D =
∑
i diDi be a Q-divisor on X. Choosing a suitable finitely gen-
erated Z-subalgebra A of k, we can construct a scheme XA of finite
type over A and closed subschemes Di,A ( XA such that there exists
isomorphisms
X

// XA ×SpecA Spec k
Di

//
?
OO
Di,A ×SpecA Spec k.
?
OO
Note that we can enlarge A by localizing at a single nonzero element
and replacing XA andDi,A with the corresponding open subschemes.
Thus, applying the generic freeness [HH, (2.1.4)], we may assume
that XA and Di,A are flat over SpecA. Enlarging A if necessary, we
may also assume that XA is normal andDi,A is a prime divisor on XA.
Letting DA :=
∑
i diDi,A, we refer to (XA,DA) as a model of (X,D) over
A. Given a closed point µ ∈ SpecA, we denote by Xµ (resp., Di,µ) the
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fiber of XA (resp., Di,A) over µ. Then Xµ is a scheme of finite type
over the residue field k(µ) of µ, which is a finite field. Enlarging A
if necessary, we may assume that Xµ is a normal variety over k(µ),
Di,µ is a prime divisor on Xµ and consequently Dµ :=
∑
i diDi,µ is a
Q-divisor on Xµ for all closed points µ ∈ SpecA.
Given a morphism f : X → Y of varieties over k and a model
(XA,YA) of (X,Y) over A, after possibly enlarging A, we may assume
that f is induced by a morphism fA : XA → YA of schemes of finite
type over A. Given a closed point µ ∈ SpecA, we obtain a corre-
sponding morphism fµ : Xµ → Yµ of schemes of finite type over
k(µ). If f is projective (resp. finite), after possibly enlarging A, we
may assume that fµ is projective (resp. finite) for all closed points
µ ∈ SpecA.
We denote by Xµ¯ the base change of Xµ to the algebraic closure
k(µ) of k(µ). Similarly for Dµ¯ and fµ¯ : Xµ¯ → Yµ¯. Note that (Xµ,Dµ) is
globally F-regular (resp. globally sharply F-split) if and only if so is
(Xµ¯,Dµ¯).
Definition 2.7. Let the notation be as above. Suppose that X is a
normal projective variety over a field of characteristic zero and ∆ is
an effective Q-divisor on X.
(i) (X,∆) is said to be of dense globally sharply F-split type if for a
model of (X,∆) over a finitely generated Z-subalgebra A of k,
there exists a dense subset of closed points W ⊆ SpecA such
that (Xµ,∆µ) is globally sharply F-split for all µ ∈W.
(ii) (X,∆) is said to be of globally F-regular type if for a model of
(X,∆) over a finitely generatedZ-subalgebra A of k, there exists
a dense open subset of closed points W ⊆ SpecA such that
(Xµ,∆µ) is globally F-regular for all µ ∈W.
This definition is independent of the choice of a model. When ∆ = 0,
we simply say that X is of dense globally F-split type (resp. globally
F-regular type).
Proposition 2.8. Let X be a normal projective variety over a field of char-
acteristic zero and ∆ be an effective Q-divisor on X such that KX + ∆ is
Q-Cartier.
(1) ([HW, Theorem 3.9]) If (X,∆) is of globally F-regular type (resp. dense
globally F-split type), then it is klt (resp. log canonical).
(2) ([SS, Theorem 5.1]) If X is of Fano type, then X is of globally F-regular
type.
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3. Frobenius splitting of projective bundles
Proposition 3.1. Suppose that the pair (X,∆) is globally F-regular (resp.
globally sharply F-split). Let Li be a line bundle on X for i = 1, . . . , r,
V =
⊕r
i=1
Li and π : PX(V) → X be the projective bundle associated to
V. Then (PX(V), π[∗]∆) is also globally F-regular (resp. globally sharply
F-split), where π[∗] denotes the pullback by the flat morphism π.
Proof. We only prove the globally F-regular case. The proof of the
globally sharply F-split case is similar (and simpler).
Take an effective ample divisor D on X such that D ≥ ∆ and
PX(V) \ π
∗D  (X \D) × Pr−1.
In order to prove that (PX(V), π[∗]∆) is globally F-regular, by [SS,
Theorem 3.9], it suffices to show that there exists e ∈N such that the
natural map
OPX(V) → F
e
∗OPX(V)(⌈(p
e − 1)π[∗]∆⌉ + π∗D)
splits. Since (X,∆) is globally F-regular, there exist e ∈ N and an
OX-module homomorphism
φ : Fe∗OX(⌈(p
e − 1)∆⌉ +D)→ OX
that sends 1 to 1. For each m1, . . . ,mr ≥N, if they are all divisible by
pe, then by tensoring φwith Lm1/p
e
1
⊗ · · · ⊗ L
mr/pe
r , we have a map
φm1,...,mr : F
e
∗(L
m1
1
⊗ · · · ⊗ Lmrr (⌈(p
e − 1)∆⌉ +D))→ L
m1/pe
1
⊗ · · · ⊗ L
mr/pe
r
→֒
⊕
m≥0
SmV.
Otherwise, we define the map
φm1 ,...,mr : F
e
∗(L
m1
1
⊗ · · · ⊗ Lmrr (⌈(p
e − 1)∆⌉ +D))→
⊕
m≥0
SmV
to be zero. Putting the φm1,...,mr together, we obtain a map
Fe∗
⊕
m≥0
SmV(⌈(pe − 1)∆⌉ +D)→
⊕
m≥0
SmV
which sends 1 to 1. This induces a map
Fe∗OPX(V)(π
[∗]⌈(pe − 1)∆⌉ + π∗D)→ OPX(V)
which sends 1 to 1. Note that π[∗]⌈(pe − 1)∆⌉ = ⌈(pe − 1)π[∗]∆⌉, because
X is normal and π is smooth in codimension one. Therefore, PX(V)
is globally F-regular. 
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If the vector bundle over a globally F-split variety does not split,
then its projective bundle is not globally F-split in general.
Example 3.2 (See [MS, Remark 1]). Let E be an elliptic curve over
Fp and V be an indecomposable rank 2 vector bundle with trivial
determinant over E. Then PZ(E) is not globally F-split but of log
Calabi-Yau type at lest when p ≥ 5.
We use the following lemma in the proof of the main results. This
is a generalization of [HWY, Proposition 1.4] to the log setting, and
the proof is essentially the same as that of loc. cit.
Lemma 3.3. Let f : X → Y be a birational morphism of normal projective
varieties over an F-finite field of characteristic p > 0. Suppose that there
exist an effectiveQ-divisor∆X on X and an effectiveQ-divisor∆Y on Y such
that KX +∆X and KY +∆Y areQ-Cartier and that f
∗(KY +∆Y) = KX +∆X.
Then (X,∆X) is globally F-regular (resp. globally sharply F-split) if and
only if so is (Y,∆Y).
Proof. We only prove the globally F-regular case. The proof of the
globally sharply F-split case is similar (and simpler).
Take an ample Cartier divisor HY on Y and an ample divisor HX
on X such that f ∗HY ≥ HX. In order to prove that (X,∆X) is globally
F-regular, it suffices to show that for any integer n ≥ 0 and nonzero
element c ∈ H0(X, nHX), there exists e ∈N such that the map
OX → F
e
∗OX(⌈(p
e − 1)∆X⌉)
×Fe∗c
−−→ Fe∗OX(⌈(p
e − 1)∆X⌉ + nHX)
splits.
Fix any n ≥ 0 and nonzero element c ∈ H0(X, nHX). Since f ∗HY ≥
HX, one has that f∗c ∈ H
0(Y, nHY). It then follows from the global
F-regularity of (Y,∆Y) that there exist e ∈ N and an OY-module ho-
momorphism
φ : Fe∗OY(⌈(q − 1)∆Y⌉ + nHY)→ OY
which sends Fe∗ f∗c to 1. By Grothendieck duality and the fact that
f ∗HY ≥ HX, we obtain the following composition map:
HomOY(F
e
∗OY(⌈(q − 1)∆Y⌉ + nHY),OY)
H0(Y,−⌈(q − 1)(KY + ∆Y)⌉ − nHY)
⊆H0(X,−⌈(q − 1)(KX + ∆X)⌉ − nHX)
HomOX(F
e
∗OX(⌈(q − 1)∆X⌉ + nHX),OX).
Hence, φ induces a map
f ∗φ : Fe∗OX(⌈(q − 1)∆X⌉ + nHX)→ OX
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which sends Fe∗c to 1. We have seen above that this implies the global
F-regularity of (X,∆X).
The converse argument just reverses this. The lemma is proved.

Remark 3.4 ([MS], [HWY, Lemma 2.1]). Since globally F-split sur-
faces are Q-Gorenstein by [MS], it follows from [HWY, Proposition
1.4] (or Lemma3.3) that theminimal resolution of a globally F-regular
(resp. globally F-split) surface is globally F-regular (resp. globally
F-split).
4. Zariski decomposition and reduction modulo p
In this section,we studyhowZariski decompositionsbehaveunder
taking reduction modulo p.
Lemma 4.1. Let X be a normal projective variety over an algebraically
closed field k of characteristic zero and D be anR-Cartier divisor on X. Sup-
pose we are given a model of (X,D) over a finitely generated Z-subalgebra
A of k. If D is not nef (resp. pseudo-effective), then Dµ is not nef (resp.
pseudo-effective) for general closed points µ ∈ SpecA.
Proof. In the pseudo-effective case, we make use of the character-
ization of pseudo-effective divisors given in [BDPP]. By taking a
resolution, wemay assume thatX is smooth. SinceD is not nef (resp.
pseudo-effective), we can find a curve (resp. a covering curve) C
such that C.D < 0. Then Cµ is also a curve (resp. a covering curve)
and Cµ.Dµ = C.D < 0 for general closed points µ ∈ SpecA. Thus,
we conclude that Dµ is not nef (resp. pseudo-effective) for general
closed points µ ∈ SpecA. 
Lemma 4.2 (cf.[Fu]). Let S be a smooth projective surface over an algebraic
closed field k of characteristic zero and D be a pseudo-effectiveQ-divisor on
S. Let D = P(D) + N(D) be the Zariski decomposition of D. Suppose we
are given a model of (S,P(D),N(D)) over a finitely generatedZ-subalgebra
A of k. For general closed points µ ∈ SpecA, if Dµ¯ is pseudo-effective, then
N(D)µ¯ ≤ N(Dµ¯).
Proof. Let N(D) =
∑
niCi be the decomposition of N(D) into prime
divisors. We can assume that Dµ¯ is pseudo-effective, N(D)µ¯ has a
negative definite intersection matrix, and P(D)µ¯.Ci,µ¯ = P(D).Ci = 0
for all i. If P(D)µ¯ is nef, then Dµ¯ = P(D)µ¯ + N(D)µ¯ is the Zariski
decomposition of Dµ¯. Then the assertion holds by the uniqueness
of the Zariski decomposition ([Fu, (1.12) Theorem]). Thus, we may
assume that P(D)µ¯ is not nef.
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Note by [Fu, (1.8) Lemma] that P(D)µ¯ is pseudo-effective, because
P(D)µ¯.Ci,µ¯ = 0 for all i and N(D)µ¯ has a negative definite intersection
matrix. It then follows from [Fu, (1.12) Theorem] that P(D)µ¯ has the
Zariski decomposition P(D)µ¯ = P + N
′. Let N = N(D)µ¯ + N
′ and
N′ =
∑
n′
j
C′
j
be the decomposition of N′ into prime divisors. It is
enough to show that Dµ¯ = P +N is the Zariski decomposition of Dµ¯.
Since P is nef and P(D)µ¯.Ci,µ¯ = 0 for all i, we see that if P.Ci,µ¯ , 0 for
some i, then N′.Ci,µ¯ < 0, which implies that Ci,µ¯ is contained in the
support of N′. This contradicts the fact that P(D)µ¯ = P + N
′ is the
Zariski decomposition, so P.Ci,µ¯ = 0 and Ci,µ¯.C′j = 0 for all i, j. ThenN
has a negative definite intersection matrix, and we can conclude by
the uniqueness of the Zariski decomposition again that Dµ¯ = P + N
is the Zariski decomposition of Dµ¯. 
If S is a smooth projective surface of dense globally F-split type,
then −KS is pseudo-effective by Lemma 4.1, so we can consider its
Zariski decomposition. The following proposition plays a key role
in this paper.
Proposition 4.3. Let S be a smooth projective surface of dense globally
F-split type (resp. globally F-regular type) over an algebraically closed field
k of characteristic zero. Let −KS = P + N be the Zariski decomposition of
−KS. Then (S,N) is of dense globally sharply F-split type (resp. globally
F-regular type), so in particular, (S,N) is log canonical (resp. klt) by
Proposition 2.8 (1). Moreover, given a model of (S,P,N) over a finitely
generated Z-subalgebra A of k, the pair (Sµ,Nµ) is globally sharply F-split
(resp. globally F-regular) and
−KSµ¯ = Pµ¯ +Nµ¯
is the Zariski decomposition of −KSµ¯ for a dense set of closed points (resp.
general closed points) µ ∈ SpecA.
Proof. By definition, there exists a dense subset (resp. a dense open
subset) of closed points W ⊆ SpecA such that Sµ is globally F-split
(resp. globally F-regular) for all µ ∈ W. Note that global F-splitting
(resp. global F-regularity) is preserved under the base field extension
Fp/Fp. It follows from Lemma 2.6 (2) that there exists an effective Q-
divisor ∆ on Sµ¯ such that (Sµ¯,∆) is globally sharply F-split (resp.
globally F-regular) and KSµ¯ + ∆ ∼Q 0. By a property of the Zariski
decomposition and Lemma 4.2, one can see that
∆ ≥ N(−KSµ¯) ≥ Nµ¯.
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Thus, (Sµ¯,Nµ¯) is globally sharply F-split (resp. globally F-regular) for
all µ ∈ W. This means that (S,N) is of dense globally sharply F-split
type (resp. globally F-regular type).
To prove the latter assertion, we will show that Pµ¯ is nef for all
µ ∈ W. It follows from Lemma 4.4 that there exists an effective Q-
divisor D =
∑
i diDi on S such that P ∼Q D. If Pµ¯ is not nef, then there
exists some curve C on Sµ such that Pµ¯.C < 0. Then C is contained in
SuppDµ¯, that is, there exists i such that C = Di,µ¯. On the other hand,
Pµ.C = Pµ.Di,µ = P.Di ≥ 0.
This is a contradiction. Therefore, Pµ¯ is nef for all µ ∈ W. Note
that Pµ¯.N j,µ¯ = P.N j = 0 for every irreducible component N j of N and
that Nµ¯ is zero or has a negative definite intersection matrix. By the
uniqueness of the Zariski decomposition (see [Fu, (1.12) Theorem]),
−KSµ¯ = Pµ¯+Nµ¯ is the Zariski decomposition of−KSµ¯ for all µ ∈W. 
In the proof of Proposition 4.3, we used the following lemma.
Lemma 4.4 ([Sh, 2.6, Remark-Corollary], [FK]). Let (S,∆) be a log
canonical surface such that −(KS + ∆) is nef. Then κ(−(KS + ∆)) ≥ 0.
Proof. We refer the reader to [Sh, 2.6, Remark-Corollary, p.3890] for
the proof. We remark that this lemma is an easy consequence of the
Riemann–Roch formula when S is rational. 
We use the notion of divisors of insufficient fiber type and Lemma
4.6 in the proof of Theorem 5.3. Lemma 4.6 is well-known to experts,
but we include its proof here for the reader’s convenience.
Definition 4.5 ([Na, Section 5.a in Chapter III]). Let f : S → C be a
projective surjective morphism from a smooth projective surface S to
a smooth projective curve C with connected fibers over an algebraic
closed field (of any characteristic). Let D be an effective f -vertical
Q-divisor on S. We say that D is of insufficient fiber type over C if for
any closed point x of Supp f∗D, there exists a prime divisor Γ on S
such that f (Γ) = x and Γ 1 SuppD.
Lemma 4.6 ([Na, 5.3 Corollary and 5.7 Proposition in Chapter III]).
Suppose that f : S → C and D be the same as in Definition 4.5. If D is of
insufficient fiber type over C, then D is not nef and D = N(D).
Proof. Suppose to the contrary that D is nef. Since D is of insufficient
fiber type overC, taking into account that all fibers of f are connected,
we can find a curve Γ such that f (Γ) ⊆ Supp f∗D and D.Γ > 0. Let
F = f ∗ f (Γ). Then D.F = 0 and F ≥ Γ, but this contradicts the nefness
of D. Thus, every divisor of insufficient fiber type is not nef. Let
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D = P + N be the Zariski decomposition of D. Then P is also of
insufficient fiber type, unless P is zero. Since P is nef, P has to be
zero, that is, D = N. 
5. Main results
In this section, we prove Theorem 1.1. First we show the globally
F-regular case.
Theorem 5.1 (cf. [Ok]). Let S be a normal projective surface over an
algebraically closed field k of characteristic zero. Then S is of globally
F-regular type if and only if S is of Fano type.
Proof of Theorem 5.1. The if part follows from Proposition 2.8 (2), so
we will prove the only if part. Taking the minimal resolution, by
Lemma 2.4 and Remark 3.4, we may assume that S is smooth. Let
−KS = P + N be the Zariski decomposition of −KS. We take a model
of (S,P,N) over a finitely generated Z-subalgebra A of k such that Sµ
is globally F-regular for all closed points µ ∈ SpecA. Denote by Sµ¯
the base change of Sµ to the algebraic closure of k(µ). Similarly for
Pµ¯ and Nµ¯. It then follows from Proposition 4.3 that (S,N) is klt and
−KSµ¯ = Pµ¯ + Nµ¯ is the Zariski decomposition of −KSµ¯ for general µ.
Since −KSµ¯ is big, Pµ¯ is also big. Then P
2 = P2µ¯ > 0, so P is nef and big.
Thus, (S,N) is a klt weak log del Pezzo surface, which means that S
is of Fano type. 
Remark 5.2. Theorem 5.1 was first proved by Okawa in his Ph.D
thesis [Ok]. His proof depends on the deformation theory in mixed
characteristic and the minimal model theory for surfaces in positive
characteristic. Our proof is more geometric, just a direct application
of Proposition 4.3, without using the deformation theory and the
minimal model theory in positive characteristic. During the prepa-
ration of thismanuscript, Hwang and Park [HP] announced that they
proved Theorem 5.1 using results of Sakai [Sa3] (see also [Sa1], [Sa2]).
Some (not all) results in Section 5 may follow from Sakai’s results,
but our argument is substantially different from his argument.
Next we prove the globally F-split case.
Theorem 5.3. Let S be a normal projective surface of dense globally F-split
type over an algebraically closed field of characteristic zero. Then S is of
Calabi-Yau type.
Remark 5.4. The converse of Theorem 5.3 is open. It is known by [FT]
that if S is a klt projective surface over an algebraically closed field
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of characteristic zero such that KS ∼Q 0, then it is of dense globally
F-split type.
Before giving the proof of Theorem5.3, we state a couple of lemmas
that will be used in the proof.
Lemma5.5 ([Sh, 2.6, Remark-Corollary], [FK]). Let (S,∆) be a projective
dlt surface over an algebraically closed field of characteristic zero such that
−(KS + ∆) is nef and S is a non-rational smooth surface. If S is not of
Calabi–Yau type, then there exist a birational morphism φ : S → Z and
an indecomposable rank 2 vector bundle V with trivial determinant over an
elliptic curve E such that Z ≃ PE(V) and KS + ∆ ∼Q,Z 0.
Proof. We refer to [Sh, 2.6, Remark-Corollary, p.3890] for the proof.

Lemma 5.6. Let F be an indecomposable curve of canonical type over an
algebraically closed field k of positive characteristic. If F is not of type In
where n ≥ 0, then
Pic0 F ≃ Ga(k),
where Ga(k) is the additive group of k. See [HL, Section 2] or [Mu,
Definition in Section 2] for the definition of indecomposable curves of
canonical type.
Proof. We refer to [HL, Proposition 5.2] for the proof. 
Now we start the proof of Theorem 5.3.
Proof of Theorem 5.3. Taking the minimal resolution, by Lemma 2.4
and Remark 3.4, we may assume that X is smooth. Let −KS = P +N
be theZariski decomposition of−KS. It then follows fromProposition
4.3 that (S,N) is a log canonical pair of dense globally sharply F-split
type. Taking a smooth dlt blow-up of (S,N) (see also [Pr, Proposition–
Definition 3.1.1]), by Lemmas 2.4 and 3.3, we can assume that there
exists an effectiveQ-divisor∆ on S such that (S,∆) is dltwith−(KS+∆)
nef (S is still smooth).
Suppose to the contrary that S is not of Calabi–Yau type. Note that
P is not semi-ample. We will use this fact repeatedly in the rest of the
proof. If S is not rational, then we obtain a smooth projective surface
Z as in Theorem 5.5, which is of globally F-split type by Lemma 2.6
(1). This, however, contradicts Example 3.2, and thus, S is a smooth
rational surface.
Claim 5.7. κ(−KS) = κ(−(KS + N)) = 0 and ν(−(KS + N)) = 1, where
ν(L) is the numerical dimension of a nef Cartier divisor L, which is defined
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to be the largest natural number ν such that the cycle Lν is numerically
nontrivial (cf. [KMM, Definition 6-1-1]).
Proof of Claim 5.7. Since P is not semi-ample, by [TVAV], −KX is not
big. By Lemma 4.4, one has
1 ≥ ν(−(KS +N)) ≥ κ(−(KS +N)) ≥ 0.
If −(KS+N) were abundant, that is, κ(−(KS +N)) = ν(−(KS+N)), then
P would be semi-ample by [FG, Theorems 4.19 and 4.20] (see also
[MoR, Corollary 1]). Thus, κ(−(KS + N)) = 0 and ν(−(KS + N)) = 1.
Since P is the positive part of the Zariski decomposition of −KS, we
also see that κ(−KS) = 0.

It follows from Theorem [LT, Theorem 4.1] that H0(S,−KS) , 0,
because P is not semi-ample. We pick an effective divisor D on S
which is linearly equivalent to −KS. Since H
1(S,−D) = H1(S,OS) = 0,
SuppD is connected. Take an integer l ≥ 1 such that lP is Cartier.
Now we consider reduction from characteristic zero to positive
characteristic. Given a model of (S,D,P,N) over a finitely generated
Z-subalgebra A of k, there exists a dense set of closed points W ⊆
SpecA such that Sµ is globally F-split for all µ ∈ W. Fix any µ ∈ W.
We denote by Sµ¯ the base change of Sµ to the algebraic closure of
k(µ). Similarly forDµ¯,Pµ¯ andNµ¯. It follows from Proposition 4.3 that
−KSµ¯ = Pµ¯ +Nµ¯ is the Zariski decomposition of −KSµ¯ . Since ODµ¯(lPµ¯)
is torsion in PicDµ¯ by [Ke, Lemma 2.16], we see that Pµ¯ is semi-ample
by [LT, Lemma 5.3]. Let f : Sµ¯ → P
1 be the fibration induced by Pµ¯.
By running a minimal model program over P1, we obtain a relative
minimal elliptic fibration f ′ : S′ → P1 and a composition of blow-ups
of points ϕ : Sµ¯ → S′. Note that S′ is globally F-split by Lemma 2.6
(1).
Claim 5.8. There exists a point x on P1 such that ϕ∗Dµ¯ = 1n f
′∗x, where n
is the multiplicity of the fiber f ′∗x.
Proof of Claim 5.8. First, we observe that
ϕ∗Dµ¯. f
′∗x = −KS′ . f
′∗x = 0
for all x ∈ P1, which implies that the effective divisor ϕ∗Dµ¯ is f ′-
vertical. Since Suppϕ∗Dµ¯ is connected, there exists a point x on P1
such that Suppϕ∗Dµ¯ ⊆ Supp f ′∗x. Taking into account the fact that
(ϕ∗Dµ¯)2 = ϕ∗Dµ¯.KS′ = 0, by [Ba, Corollary 2.6], we can write that
ϕ∗Dµ = mF, where m ∈ N, F = 1n f
′∗x and n is the multiplicity of the
fiber f ′∗x.
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To complete the proof, it remains to show that m = 1. Since S′
is a rational surface with −KS′ ∼Z mF nef, by running a minimal
model program, we obtain a birational contraction from S′ to P2 or
P1 ×P1 which is a composition of blow-ups of points. Note that S′ is
isomorphic neither to P2 nor to P1 × P1, because −KS′ ∼Z mF is not
big. Thus, we have a birational morphism g : S′ → F1, where F1 is
theHirzebruch surface of degree 1. Sincemg∗F ∼Z −KF1 = 2SF1+3FF1,
where SF1 is the section and FF1 is a fiber of F1, we conclude that m
has to be equal to one. 
Since ϕ : Sµ¯ → S′ is a composition of blow-ups of points,
KSµ¯ = ϕ
∗KS′ +
∑
Ei, Dµ¯ = ϕ
∗F −
∑
Ei,
where the Ei are the exceptional divisors of ϕ and F = ϕ∗Dµ¯ as in the
proof of Claim 5.8. Note that ϕ(Ei) ∈ Supp F. If there exists some i
such that Ei * SuppDµ¯, then by definition, Dµ¯ is of insufficient fiber
type. It then follows from Lemma 4.6 that Dµ¯ = Nµ¯, that is, P = 0.
This is a contradiction. Thus, all Ei are contained in SuppDµ, so they
are components of the reductionDµ ofD. Thismeans that there exists
a composition of blow-ups of points ψ : S→ T such that ψµ¯ ≃ ϕ and
Tµ¯ ≃ S
′.
It follows from Lemma 4.1 that −KT is nef. We will show that −KT
is not semi-ample. Suppose that −KT is semi-ample, and then let
f˜ ′ : T → P1 be the fibration induced by −KT. Since f˜ ′µ¯ contracts
exactly the same curves as f ′ does, one has that f˜ ′µ¯ ≃ f
′. We can
write that
D = ψ∗F˜ −
∑
E˜i,
where E˜i (resp. F˜) is the lifting of Ei (resp. F) to S (resp. T) for all i. IfD
is not of insufficiently fiber type, then D ≥ ǫψ∗F˜ for 1≫ ǫ > 0, which
implies that κ(D) = 1. This is a contradiction. Hence, D has to be
of insufficiently fiber type, but it then follows from Lemma 4.6 again
that D = N, that is, P = 0. This is also a contradiction. Therefore, we
conclude that −KT is not semi-ample.
Let D′ = ψ∗D ∼Z −KT. Then D′µ¯ = F. We have seen above that D
′
is nef but not semi-ample, and Tµ¯ is globally F-split. By an argument
very similar to the proof of Claim 5.7, one has that κ(D′) = 0 and
ν(D′) = 1.
Claim 5.9. (T,D′) is log canonical.
Proof of Claim 5.9. Suppose to the contrary that the pair (T,D′) is not
log canonical. ThenD′ does not have normal crossing support or the
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coefficient of a component of D′ is greater than one. Note that D′µ¯
is an indecomposable curve of canonical type by Claim 5.8. We see
from the condition on D′ that D′µ¯ is not of type In.
Since H1(T,−D′) = H1(T,OT) = 0, the restriction map
H0(T,D′)→ H0(D′,D′|D′)
is surjective. Note that h0(T,D′) = 1, because κ(D′) = 0. By taking
into account that D′ is not trivial, the surjectivity of the restriction
map forces H0(D′,D′) to be zero. Thus, OTµ¯(D
′
µ¯)|D′µ¯ is not trivial.
By Lemma5.6, OTµ¯(D
′
µ¯)|D′µ¯ is a non-trivial p(µ)-torsion element of
PicD′µ¯, where p(µ) is the characteristic of the field k(µ). Hence,
H0(D′µ¯, rD
′
µ¯) = 0 for 1 ≤ r ≤ p(µ) − 1. Using this inductively, one
has h0(Tµ¯, rD′µ¯) = 1 for 1 ≤ r ≤ p(µ) − 1. In particular,
(⋆) h0(Tµ¯, (1 − p(µ))KTµ¯) = h
0(Tµ¯, (p(µ) − 1)D
′
µ¯) = 1.
The global F-splitting of Tµ¯ gives a section of
Hom(F∗OTµ¯ ,OTµ¯)  H
0(Tµ¯, (1 − p(µ))KTµ¯),
and by (⋆), the corresponding divisor has to be (p(µ) − 1)D′µ¯. It then
follows from an argument similar to the proof of [HW, Theorem
3.3] (see also the proof of [SS, Theorem 4.3]) that (Tµ¯,D′µ¯) is globally
sharply F-split. Since µ is any element of W, this means that (T,D′)
is of globally sharply F-split type, so in particular, it is log canonical
by Proposition 2.8 (1). This is a contradiction. 
The log canonicity of (T,D′) implies the log canonicity of (S,D),
because KS + D = ψ∗(KT + D′). This is a contradiction and we finish
the proof of Theorem 5.3. 
Remark 5.10. Let S be the blow-ups ofP2 at 9 general points x1, . . . , x9
on a cuspidal cubic curve C inP2 (wework over the complex number
field C). Then
Pic0C ≃ Ga(C),
so −KS is nef and κ(−KS) = 0. However, S is not of Calabi–Yau type,
because the log canonical threshold of C is 5/6. This contradicts the
Main Theorem in [FK].
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